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Abstract 



^ I We discuss the relation of the two types of sums in the Rogers- Schur- Ramanujan 

■ identities with the Bose-Fermi correspondence of massless quantum field theory in 1 + 1 
dimensions. One type, which generalizes to sums which appear in the Weyl-Kac character 
formula for representations of affine Lie algebras and in expressions for their branching 
functions, is related to bosonic descriptions of the spectrum of the field theory (associated 
with the Feigin-Fuchs construction in conformal field theory) . Fermionic descriptions of the 
same spectrum are obtained via generalizations of the other type of sums. We here sum- 
marize recent results for such fermionic sum representations of characters and branching 
functions. 
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1. Introduction 

The most important and difficult course taught in any university is philosophy. It 
is of overriding importance because everyone has a deeply rooted philosophy that rules 
their actions with an iron hand. It is the most difficult of all courses to learn because no 
two people are in complete agreement as to their philosophic principles. The inevitable 
response to a question in philosophy is that it is either trivially obvious or absolutely 
absurd. Unhappily, there is no agreement about what is obvious and what is absurd. The 
consequence is that almost nobody studies philosophy. 

The second most difficult subject is physics. The difficulty is that the study of physics 
requires students to hold two competing philosophies in their minds at the same time and 
to form a synthesis. The two competing philosophies are empiricism on the one hand, as 
embodied in experiment and measurement, and rationalism or abstraction on the other 
hand, as embodied in mathematics and computation. Physics is neither the one nor the 
other but the Hegelian synthesis of both. More students take elementary courses in physics 
than study Aristotle, Acquinas, Kant and Hegel, but most do poorly and get bad grades. 

In the past (say) 30 years great progress has been made in theoretical (or math- 
ematical) physics. Yet because physics is a synthesis, the true understsanding of the 
accomplishment is best made not by presenting one set of developements but rather by 
describing two parallel sets of developements, one loosely called mathematical and the 
other loosely called physical. The mathematical side of the developments we concentrate 
upon embodies Rogers-Ramanujan identities, modular forms, infinite-dimensional algebras 
(such as affine Kac-Moody and the Virasoro algebras) and their representation theory. The 
physical side involves statistical mechanics, quantum spin chains, quantum field theories 
(both conformal and massive), bosons and fermions. 

Our ultimate goal here is to present the status of some of our recent results on fermionic 
sum representations for conformal field theory characters. This is done in section 4. How- 
ever, we also wish to elucidate the position our results have within the larger tapestry 
of work of the last century in physics and mathematics. To that end we will present in 
sections 2 and 3, respectively, the elements of the mathematical and the physical sides 
out of which the synthesis is born. The elements have the names given in the previous 
paragraph. There is no accepted name for the synthesis that puts both the competing 
elements on an equal footing. We trust that this lack of a name will not be an impediment 
to the philosophic reader. 
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2. The mathematical ingredients 

In 1894 Rogers M proved the following set of identities 



_ _ ri'^ ^ 1 1 _ _ 

= V - = TT = = V rr/'"(10'^+l) _ „(5n+2)(2n+l)^ 



n=l 

(2.1) 



^ V = TT - = V r,,"(10"+3) _ „(5n+l)(2n+l)^ 

(^)n ll(l-,5n-2)(l_,5n-3) (,)^ ^ ^ 

(2.2) 

where 

n 

(g)o = l , (g),,= J](1-q'=) for n = l,2,3,.... (2.3) 

k=i 

A second proof by Rogers and two independent proofs by Schur were given in 1917. 
Hardy tells us 0] that the equality of the left-hand sums with the products was indepen- 
dently conjectured by Ramanujan in 1913, with a proof due to him published in [3, and 
these equalities have subsequently come to be known as the Rogers- Ramanujan identities. 
There seems to be no commonly accepted term which refers to all three expressions in 
these identities of Rogers, Schur, and Ramanujan on the same footing. 

The products and the right-hand sums in (|2.1|) -( p^) may be directly expressed in 
terms of theta functions |]l| [§| and consequently it is readily seen that if one sets 

Co{q) = q-'/''So{q) , c^{q) = q''/'''S^iq) (2.4) 

and defines t hj q = e^'^*'^, the following linear transformation law is obtained: 

sin^ sin I ^^ f Co(r) , ^^.5) 
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V5\ 



5 -sin^y V'^i('^) 

This enables one to show that co(t) and ci(r) form a two-dimensional representation of 
the modular group. This group has two generators 

T: r-^r + 1, S : r ^ -1/r , (2.6) 

which satisfy the relations 

= [STf = 1 . (2.7) 

The second mathematical ingredient we need is the infinite-dimensional generalization 
of Lie algebras introduced by Kac H and Moody M in 1967. Our purpose here is not to 



review this theory, which is presented in detail in , but merely to recall a few definitions. 
In particular, given a simple Lie algebra G of rank r and dimension d with structure 
constants /"^^, the untwisted affine Lie algebra G^^^ (defined in terms of a generalized 
Cartan matrix 00) is realized by the commutation relations 

d 

[J:n.Jn] = Y.'f''''J'rn+u + km5'^'5ra,-u [m^ueZ, a, 6 = 1 , . . . , rf) , (2.8) 

c=l 

where we use the basis and normalization conventions of 0. Here /c is a central element, 
i.e. it commutes with every element of the algebra, and takes on a constant value in any 
given irreducible representation of G^^\ The value of 2/c/'i/'^, where ip is the highest root of 
G (which will be normalized to '0^ = 2 below) , is then called the level of the representation 
and is a positive integer in the representations considered here. 

It is worth noticing that the synthesis of the physical and the mathematical is already 
inherent in (|2.8|) . This realization of the affine Kac-Moody algebras, which was derived 
from the definitions of in the late 1970s, had been found earlier by Schwinger [jl^ 
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his analysis of relativistic invariance of gauge theories in 3+1 dimensions. Consequently 
the central element in ( |2.8| ), which plays a crucial role in physics applications as well as in 
representation theory, is at times referred to as a Schwinger term. 

Shortly after the construction of Kac-Moody algebras the Virasoro algebra was intro- 



duced in 1970 [|Tl|. This algebra is defined by the commutation relations 

[Lra, Lr] = {m - n)Lrn+n + —rn{m^ - l)5rn+nfi (m,nGZ), (2.9) 

where the normalization of the L„ is chosen such that 

[L±i, Lo] = ±L±i , [Li, L_i] = 2Lo , (2.10) 

and c is a central element whose constant value in an irreducible representation is called 
the central charge. 

Of great importance are the Virasoro characters 

XM) = , (2.11) 

where the trace is over an irreducible highest- weight representation Vz(c, A^) of the Virasoro 
algebra, and the factor q~^l'^'^ is inserted to guarantee linear behavior under the modular 
tramsformations (|2.6| ). Such a representation V^, and hence its character, is characterized 
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by the central charge c and the highest weight which is the Lo-eigenvalue of the highest- 
weight vector of Vi . 

Of interest to us here are several cases of these characters, as well as characters of 
representations of various algebras which contain the Virasoro algebra as a subalgebra 
(such as superconformal algebras, W-algebras, parafermionic algebras, and the already 
mentioned affine Lie algebras). The first case concerns the irreducible representations of 
the Virasoro algebra at central charge 

c=1-'Ap^ (2.12) 
pp 

(where p and p' are coprime positive integers) and highest weights 

^,,,.,,^ (rp--spr^-(p-p'r = (2.13) 



Based on the work of Feigin and Fuchs [0, Rocha-Caridi ||T^ obtained the following 



expressions for the corresponding characters: 

^{P,P') ^ ^c/24-A(P;5')^(p,p') ^ ^ r^k{kpp'+rp'-sp) _ ^{kp' +s){kp+r)\ _ (2.14) 

K= — oo 

As required from A ^.'s = ^p^r p'-s-^ these characters have the symmetry 

x^?;?'^ = X^il'-s ■ (2.15) 

We note in particular that if {p,p') = (2, 5), then the two independent sums on the right- 
hand side of ( p.l4|) , namely with (r, s) set to (1,2) and (1,1), are identical with the two 
sums on the right-hand side of the Rogers- Schur-Ramanuj an identities (p.lj ) and ( |2.2|) , 
respectively. 

The second case of interest here is that of the affine Lie algebras G^^^ . Now Lq, entering 
the definition of the characters ( |2.11|) of level k representations of G^^\ is quadratic in the 
generators of G^^\ In fact, all the Virasoro generators L„ can be obtained from the 



via 0[jT^-[|T8[ the construction used by Sugawara fTj] in the analysis of Schwinger 



terms in non-abelian gauge theory: 



^ r oo 



m= — oo 
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where g is the dual Coxeter number M of G, and the normal ordered product •.J'^J^: 



equals J'^J^ lim <n and J^Jm otherwise. The corresponding Virasoro central charge is 

k dim(G') 



k + g 



[2.17) 



For a general algebra G^^^ and arbitrary integer level k, the characters ( |2.11| ), where now 
the trace is taken over irreducible highest- weight representations of {G^^^)k, are given by 



the Weyl-Kac formula [|^[jT5|. In the case oi G = Ai = su{2) and k = 1 there are two 
characters, which can be written in the particularly simple form (cf. [|T9| ) 



n= — oo 



i{n+l) 



(/ = 0,1). 



(2.18) 



The most general case we need are the characters of the algebras which arise in 
coset constructions, introduced by Goddard, Kent and Olive ITS]. The characters are 
then branching functions of afhne Lie algebras A wide class of cosets is given 



by ^'^ (GW)'^ — ^ ~ -'- corresponding branching functions are characters of the 



k + l 



WG-algebra |j2^ which reduces to the Virasoro algebra when G = Ai. As a particular 
example, the branching functions for 



( jv jv i)i ig equivalent by level-rank 



duality to the coset ) are 



uii) 



23111 



(«) 



EE-EE )m; 

s>On>0 s<On<0, 



s>On>0 s<On<0, 



where 

_ 2(A^- 1) 
^~ A^-f2 

I — m 

\m\ > I one uses the symmetries 



hi 



4:{N + 2) 4N 



(2.19) 



(2.20) 



Here / = 0, 1,...,A^ — 1, Z — mis even, and the formulas are valid for \m\ < I while for 



(2.21) 



We note that the right-hand sides of ( p.l4| ), ( |2.18| ), and ( p.l9| ) share the feature with 
the sums on the right of (|2.1| )-(|2T^) that the denominator is a power of {q)oo and the 
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numerator is a power series in q (with integer coefficients). Divided by tlie explicit power 
of q on tfie left-fiand sides, tfiey also share the property with ( |2.4| ) that they can be seen 
to form representations of the modular group ( |2.6| ). These features hold for the general 
case of the Weyl-Kac character formula and the branching functions as obtained from it. 

The above discussion shows that the right-hand side of the Rogers-Schur-Ramanujan 
identities (|2.1|) - (p.2| ) has a vast generalization in terms of characters of representations of 
infinite-dimensional algebras. It is thus natural to ask whether the remaining parts of these 
identities can also be generalized, thus yielding different expressions for such characters. 

The first step in this direction was taken by Lepowsky and Milne ||2^ in 1978 when 



they showed that for A^^^ and A^2^ the Weyl-Kac formula, when suitably specialized. 



admits a product form. In 1981 Lepowsky and Wilson found a way to obtain the sums 
on the left-hand side of (pTT| ) - (|272D using a construction which they called Z-algebras, and 
thus provided a Lie-algebraic proof of the Rogers- Ramanuj an identities. 

A major generalization of these results is due to Lepowsky and Prime [^. Extending 
the work of |2^[2^ on Z-algebras (for a recent review see ||2^), they found in 1985 that 



the branching functions (|2.19| ) can be written as 



/o^ KN-i) 

q'^i^^ q 2N{N+2) 5; 



2Q-1 



E 



1 



-A, m 



(2.22) 



mi ,...,mjv — 1=0 
restrictions 



iQ)mi • • • (Q')mjv_i 

IS 

where Q is an integer (mod N), m = (mi, . . . ,mAr_i) is subject to the restriction 

Q (mod A^), (2.23) 
Cn-i is the Cartan matrix of the Lie algebra Ajv-i in the basis where 



N-l 

^ ania 



a=l 



N-l 



(2.24) 



a=l 



l<a<b<N-l 



and Ao=0 while for / = 1, . . . , A — 1 

(n-1 ^ I 
Ai ■ m = -{mCj^\)i = - I -j^^ama + — ^ {N - a)m„ 



a=l 



(2.25) 



a=l+l 



This representation is of the form of a g-series which generalizes the left-hand sums 
of (^]3) ( |2.2| ) to multiple sums such as appear in the Gordon- Andrews identities . 
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Moreover, the sums in the Gordon-Andrews identities themselves have also been 
found ||3^] to be the Virasoro characters ( p.l4|) with {p,p') = {2,2n + 3). (We note that 
the analysis in of the corresponding representations of the Virasoro algebra leads di- 
rectly to the product rather than the sum sides of the Gordon- Andrews identities.) In 
particular, x^i^^^^^ is given by the right-hand side of ( |2.22| ) with no restrictions on the 
sum. A; = and C^l_j^ replaced by (C^)~^, where C'^ differs from C„ only in one en- 
try which is {C'^)nn = 1- AH the other characters are obtained |3^] by adding suitable 



linear terms to the quadratic form in (|2.22|) , leading to the full set of sums appearing in 
the Gordon-Andrews identities [^[^. When n=l one has (p, p') = (2,5) and as noted 
above the Virasoro characters reduce to the original sums on the left-hand side of the 
Rogers- Ramanuj an identities (pTT| ) - (|2T2D . 

However, until quite recently these were the only results known. The major purpose of 
this note is to summarize the recent progress in finding generalizations of the left-hand side 
of ( p.l| )-( |2T2[ ) for the Virasoro characters ( |2.14[ ), the Weyl-Kac characters, and characters 
of the coset models discussed above. (Product formulas for characters have been recently 
discussed in |l3^-[]35[|.) 



3. The physical ingredients 

There are at least three physical starting points which will be used to form the syn- 
thesis with the mathematics of the previous section: two-dimensional classical statistical 
mechanics, one-dimensional quantum spin chains, and conformal field theory. The latter 
two lead to the concept of boson and fermion and to a relation between them that exists 
in 1+1 dimensions. 

Consider first an M-body quantum spin chain with periodic boundary conditions. In 
the study of the spectra of M-body hamiltonians with local interactions and translational 
invariance, the eigenstates which lie a finite energy above the ground state energy as 
M oo have the quasi-particle form for the energy 

E,-Egs = Y1 E ^-(^/) (3.1) 



=1, rules 



and for the momentum 



P^^Yl E (niod27r), (3.2) 

a J = 1, rules 



where eQ,(Pj*) is called the single-particle excitation energy of type a, and nia are the 
numbers of such excitations in the eigenstate under consideration, which is labeled by i. 
The sum over Pj* is subject to certain rules. If one of these rules is 

Pf^Pk for j^k and all a, (3.3) 

the spectrum is called fermionic. If there is no such exclusion rule and an arbitrary number 
of coinciding P^ is allowed, then the spectrum is called bosonic. 

The calculation of single-particle energies is extensively considered in condensed mat- 
ter physics. When considered on a lattice they are often periodic functions defined in an 
appropriate Brillouin zone. By definition eQ.(P) can never be negative. If all the eo,{P) are 
positive the system is said to have a mass gap. If some eQ,(P) vanishes at some momentum 
(say 0) the system is said to be massless, and for P ~ a typical behavior is 

ea{P) = Va\P\ (3.4) 

where is variously referred to as the fermi velocity, spin-wave velocity, speed of sound 
or speed of light. 

In the statistical mechanics of many-body systems the most fundamental quantity is 
the partition function which is defined as 

Z = Tre-^/'=^^ , (3.5) 

where H is the hamiltonian, the trace is over all states of the system, /cb is Boltzmann's 
constant and T is the temperature. More explicitly this may be written as 

i 

where the sum is over all the eigenvalues Ei of H (with their multiplicities) and we have 
explicitly factored out the contribution of the ground state energy Ecs- 

For a macroscopic system we are usually more interested in the free energy per site / 
and the specific heat C, in the thermodynamic limit which is defined as 

fixed T > and M ^ oo . (3.7) 

The free energy and the specific heat are then 



Starting with the work of Bethe [36] in 1931 and Onsager |37] in 1944 it has been 
discovered that there is a very large number of one-dimensional quantum spin chains 
(and two-dimensional classical statistical mechanical systems) whose energy spectrum and 
partition function may be exactly studied by what are essentially algebraic means, starting 
with the existence of a family of commuting transfer matrices 



[T(«),T(^')]=0. 



(3.9) 



This commutation relation generalizes the concept of integrability of classical mechanics. 
The search for solutions to this equation leads to the famous star-triangle ||3^ or Yang- 
Baxter equation ||3^ and is beyond the scope of this note. We remark, however, that 
these systems can be massive as well as massless, and have profound connections to the 



theory of non-linear differential equations |4l 



The next physical ingredient we need is the approach to the study of conformal field 
theories introduced in 1984 by Belavin, Polyakov, and Zamolodchikov [^2|. The original 
presentation is directly relevant for two-dimensional statistical mechanics. However, for our 
present purpose it is more convenient to formulate the theory in terms of one-dimensional 
quantum spin chains. In this formulation, conformal field theory deals with massless 
systems whose excitations are characterized by (|2.25p where the f q, are the same for all a, 
i.e. Vet = V. However, instead of the thermodynamic limit ( |3.7| ) we study the limit 



M 



oo, 



with MT fixed, 



(3.10) 



which we will refer to as the conformal limit. Defining the scaled partition function 

Z = lim e^^"/'=s'^Z (3.11) 

in the conformal limit, where cq = lim^^cxj jjEqs, Z becomes a function of the dimen- 
sionless variable 

It is here that the first synthesis with mathematics takes place because it is 
found [53] that the partition function Z ( ^.11| ) is expressed in terms of characters of rep- 
resentations of the Virasoro algebra (or possibly some extension of it) as 



Z = ^Nki Xk{q) xM) 



(3.13) 



k,i 



where the A^'^; are non-negative integers. In the two-dimensional statistical system q is 
the complex conjugate of q. In the quantum spin chain context q = q is oi course real, 
given by ( |3.12|) , and the factorization corresponds to a decomposition into contributions 
coming from the right-moving and left-moving excitations separately. This factorization 
is sometimes called chiral decomposition, and the algebras of which Xk are characters 
are referred to as chiral algebras. In the interpretation as a two-dimensional statistical 
system the modular transformation S ( |2.6[ ) corresponds to interchange of the vertical and 
horizontal axes. This interchange should leave the partition function invariant (when the 
boundary conditions in both directions are the same) , and this invariance follows from the 
modular transformation properties of the Xk if the N^i are suitably chosen . 

If there is only one length scale in the problem, the low-temperature specific heat 
computed from (|3.8|) should agree with the specific heat computed from Z of (|3.13| ) in the 
limit q 1~ . Generically, if we set q = e^'^*'^ and q = e"^^*/"^, we have 



Xk 



Afc 0^^/24 = Afce-(27.)2£/ In Q q^l-, (3.14) 



where c is independent of k and the are positive constants independent of q. Using 
( 3.14|) in (|3.13D one concludes that the low-temperature behavior of the specific heat is 

C ~ . (3.15) 

3f 

The quantity c is known as the effective central charge, and since the Xk form a repre- 
sentation of the modular group ( p.7| ) (with S, in particular, transforming q to q) we find 
that 

c = c-24minAfc . (3.16) 

k 

The final piece of physical information we need is the concept of Bose- Fermi correspon- 
dence in 1-f-l dimensions. In three space dimensions the concepts of bosons and fermions, 
whether defined through their spectra as we did above or in terms of commutation and 
anti-commutations relations (which are equivalent definitions due to the spin-statistics 
connection), are quite distinct. However, in 1-1-1 dimensions they are related. The earliest 
recognition of such a phenomenon was in the 1929 paper of Jordan and Wigner and 



the transformation they found plays a key role in the 1949 solution of the Ising model by 



Kaufman |^^. In quantum field theory the most familiar example of the phenomenon is 



the relation between the massive Thirring model and the sine-Gordon model 
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(Mandelstam's operator can be thought of as implementing in the continuum the 
Jordan- Wigner transformation that relates [|5^[|5l| the spin chains underlying the two 
field theories.) This Bose- Fermi correspondence has been extensively studied in the more 
general context of current algebras (see [^2|] for a recent review), and in the massless case 
contact is made with afRne Lie algebras . 



Our goal here is to indicate that this Bose-Fermi correspondence is of universal occur- 
rence and that all conformal field theory characters have two types of sum representations, 
generalizing the right-hand (bosonic) sums of the Rogers- Schur-Ramanuj an identities ( |2.1j )- 
( p.2|) and their left-hand (fermionic) sums. The remainder of this note will concern our 
recent discoveries of the fermionic counterparts for large classes of models for which only 
the bosonic forms have been known previously. 



4. Fermionic sums for conformal field theory characters 

The presentation of the previous two sections strongly suggests that for solvable one- 
dimensional quantum spin chains derived from two-dimensional statistical mechanical mod- 
els characterized by commuting transfer matrices ( ^.91 ) , it should be possible to derive the 
characters of the related chiral algebra by directly computing the energy levels and the 
partition function Z ( |3.11|) , and then putting Z in the form ( |3.13| ) . Recently a great deal 
of progress has been made in this program for the critical 3-state Potts model ||^] |56|| . A 
prominent feature of these methods, which utilize parametrization of the energy levels in 
terms of solutions to a set of Bethe equations, is that they always lead to spectra with 
the fermi exclusion rule ( p.3| ) and never to bosonic spectra. Consequently, one obtains 
fermionic sum representations for the characters of the chiral algebra of the conformal 
field theory which describes the continuum limit of the spin chain. 

The results of the 3-state Potts model computations strongly suggest further gener- 



alizations which were presented in ||53]-[|5^. The most general of these results is that all 



characters can be written in the form 

i 

where 



n rrir 



^^ = E E-^" ' (4-2) 

a=l j = l 
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n is the number of types of quasi-particles, and the nia specify the number of quasi-particles 
of type a and wiU in general be subject to certain restrictions (such as being even or odd) . 
In addition 



Pr e {i^min(m), P^in(m) + ^, P-,Jm) + ^, ■ ■ ■ , P:Sax(m)} , 
with the further requirement that the fermi exclusion rule ( |3.tj| ) holds, namely 

^ for j y^k and all a. 



(4.3) 



(4.4) 



The Pj^ij^(m) and Pj^a,x('^) depend linearly on m = (mi, m2, . . . , m^), with P^g^^{m.) 
possibly infinite. 

To make the sum ( [4.1| ) more transparent, define Qm{N;N') to be the number of 
additive partitions of > into m distinct non-negative integers each less than or equal 
to A^' (and Qm{N) to be the number of partitions of into m distinct non- negative 
integers), and recall the identity 



)/2 



N=0 

where the g-binomial is defined (for integers m, n) by 

iq)m(q)n-m 





m 



(4.5) 



n 




m 





if < m < n 
otherwise. 



(4.6) 



Taking A^' = oo in ( |4.5| ) the corresponding expression for QmiN) is obtained, namely 

^m(m — 1) /2 



Yl QmiN)q 



n' 

N 1 



N=0 



(4.7) 



Thus if -Pj^in -^max parametrized in terms of the (symmetric) n x n matrix B and 
the n-component vectors A and u as 



and 



^^max(m) 



Jm H A 



(4.9) 
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(and we note that if some Ua=oo the corresponding -Pmax=°°) from (|4.1|) -(^?5|), 

using ( |3.12| ), that 



x = s_ 



B 



Q 

A 



(u|g) 



E 



n 



restrictions Q 



q:=1 I- 



■(m(l -B) + 



(4.10) 



In the special case where aU Uq, = oo (and hence ( [4.7| ) is used exclusively in place of (|4.5| 
we find that ([4.10| ) reduces to 



S 



B 



Q 

A 



(9) = 



, . . . ,m 
restrictions Q 



=0 (9)mi...(Q), 



(4.11) 



As the simplest example consider the case of n=l, Pmin = tt/M or 0, and Pmax=oo, 
which describes what is called a free chiral fermion (with anti-periodic or periodic boundary 
conditions, respectively). From p. 8] ) this corresponds to B=l and A=0 or 1 (with no 
restrictions Q), and the corresponding characters ( [4.11| ) are 



Xa 



m(m — 1) /2 



m=0 



(4.12) 



boson, computed from ([4.1| )-(^73|) with 7i=l, Pmin = 27r/M and Pmax=oo but without any 



These free chiral fermion characters are to be contrasted with the character of a single chiral 
boson, computed from ([4.1| )-(^73|) wi 
exclusion rule on the Pj, leading to 

P^^)^"" = n = 77^ ' (4-13) 



X 



oo 
N=0 



1 



n=l 



where P{N) is the number of additive partitions of into an arbitrary number of (not 
necessarily distinct) positive integers. 

Upon comparison of ( [4. 131 ) and ( [4.12| ) with (|2TT])-(|2T^) we see that it is natural to refer 
to the left-hand sums in ( |2.1| )-( P72D as fermionic and the right-hand sides as bosonic. To 
complete the generalization of (|2.1| )-( p^) for the case of a single free chiral fermion, to 
exhibit the Bose-Fermi correspondence, and to show the relation with the conformal field 
theory of the Ising model which is the Virasoro minimal model -M(3, 4), we note from 



(83)-(86) of gl] and from @|3|] that 



oo 

m = 
m even 



rn j1 

{q)m 



n 



n>0 

n = 2,3,4,5,ll,12,13,14(mod 16) 



(4.14) 



13 



E 7T^ = n T^ = ^'"'^tf (4-15) 

m odd ™=l,4,6,7,9,10,12,15{mod 16) 



oo 



„m(m-l)/2 °° ^m(m-l)/2 , ^ ^ 



771 even m odd 



and thus 



72 



°o „m(m-l)/2 °o ^ ^ 

J? = E H?);;— = 2 11(1 + «") = 2,-'/-xa^' , 

m=0 n=l 



(4.17) 



where bosonic sum representations for the Virasoro characters on the right-hand sides are 
given in ( |2.14|) . 

We begin our presentation of fermionic sum representations for characters with an 
example where the Bose-Fermi correspondence (at the level of character formulas) is par- 
ticularly easy to prove: the SU{2) Wess-Zumino-Witten model ||54|| ||62|| . The symmetry 



algebra of this conformal field theory is shown in [£4[ to be the afRne su{2) Kac-Moody 
algebra denoted by {A^^'^)k where /c = 1, 2, ... is the level. At level one this theory was 
argued |6^] to describe the conformal limit of the system originally studied by Bethe |]3^ , 
the spin ^ Heisenberg anti-ferromagnetic chain 

M 

i^xxx = + «+i + ^J^J+i) (4-18) 

(where cr* are the Pauli spin matrices, M is even, and periodic boundary conditions ctm^i = 
a\ are imposed). 

One form of the two characters of the SU{2) level 1 theory was given in ( |2.18| ). 
Comparing this form of the character with the character of the free chiral boson ( |4.13| ) 
we see that ( |2.18|) is interpreted in terms of a free chiral boson with an internal quantum 
number Q (called charge) that adds an extra term "^^^^ to the total energy (^4.2|). The 
character q^^'^'^xi with /=0 (1) is obtained by summing over all charge sectors with Q 
an integer (half-odd-integer). We call this the bosonic form of the characters. Product 
formulas for the characters are readily obtained due to the fact that ( p.l8| ) are two Jacobi 
theta functions (divided by (q')oo), namely 

oo 

q''^\M) = (1 + /) q"^ n (1 + + q^-^'-^f (/ = 0, 1). (4.19) 

n=l 



14 



However, it was shown by Faddeev and Takhtajan that the spectrum of the spin 
chain ([4.18D can be constructed from two fermionic excitations (forming an SU{2) doublet), 



and thus a representation of the character in the form of ([4.1| ) with n=2 should be possible. 



Indeed, we find that the two characters (|2.18|) have the representation 



OO I mi+m2 -.2 



m-^ — 77a2=^(mod 2) 



When compared with ( |4.11| ) this gives S = | ^ ^ ^ ^ and A=0, and thus from (|4.8|) we 
see that the minimum momenta are 

^min(m) = ^(1 - ^ ) , ^min(m) = -(1 - \ • (4.21) 



To prove the equality of (|2.18| ) and (|4.20|) we first recall a relation due to Cauchy 



(eq. (2.2.8) of [|6^), called the g-analogue of Kummer's theorem: 

setting z = q'^'^^ and dividing by {q)k we obtain 

EtTT^ = (/c = 0,1,2,...). (4.23) 

^ (?)n(?)n+fc (?)oo 

We then write ( |4.20| ) as 



2 



m-^ —7712=1 (n-iod 2) 



and set m2 = mi + 2n — / to obtain 

= E ^ + 2E E ' • (4-25) 

n WJm 1 wJmiWJmi+2n- 

m=0 n=l mi=0 ix-" ii 

Then, using ( |4.23D to reduce the sums over m and mi we obtain 

(11:271) (^)equation4.28pagel515 



as desired. 

In fact, the equality of ( |2.18| ) and ( [4 .201 ) follows from a more general identity. For p 
and p' relatively prime positive integers, p> p' , Q = 0, 1, . . . ,p — 1 and Q' G Z2p', define 



Let us also define 



?7i , 7712 ~0 

m-j^ — m2=Q^ (mod 2p' ) 



(g)mi(?)m2 

( (^^iWM) equation4.27equation4.27A.27) 



{ (^^?2n\ j{ W^ equationA.29,equationA.2M.29,) 



j = -oo 



which satisfy the periodicity properties 

fa,b{^: q) = fa,b+2a{Z: q) = fa,-b{^: q) ■ i(!^Mi WM equation4.29equation4.29A.29) 
Then exactly the same proof as given above shows that 

q) = fpp>^pQ>+Q{z, q). {(^^(j^^)equation4.30equation4.304.30) 



The equality of ( |2J8|) and {]^^ is just the case p = p' = z = 1 of (g^Sg). 

Now recall that ?~^^^^/pp',pQ'+g(l, q) form the complete set of characters of the 
gaussian c=l model with compactification radius ^=\J ^ (in the conventions of W^ )- 
This model is the conformal field theory of the XXZ spin chain with the hamiltonian 



M 



i^XXZ = + ^K+l + cos^ ^l^l+i) 



( (11:271) { W^ equation4.2,lequaUon4.2,l4.2,l) 



with 



(0 < ;U < tt) 



( (11:271) {WT ^ equation4.2,2equaUon4.324.2,2) 



The fermi single-particle energies of this model are (for < < ^) 

(0 < P < 7r), { (^^7Fj[ { W7Fl{) equation4.33equaUon4.3M.3?,) 
(11:271) (^)equation4.35pagel616 



, 27rsinu . „ 
e P = ^sinP 



and so the speed of sound is f = ^ . The conformal field theory prediction for the 
scaled partition function of ( [4 .311 ) (with M even, cr]^^_|_]^ = al, and r=y^^) is 



(9)oo(<?)„„ 

^ ' ^ ' m,n= — oo 



p-1 2p'-l 

= {qq)~^^'^'^^ ^ fpp',pQ'+p'Q{l,q) fpp',pQ'-p'Q{l,q) . 
Q=0 Q'=o 

{ (14:271) i W2% equation4Mequation4M4M) 
It is suggestive to interpret (|4.30|) as expressing the Bose-Fermi correspondence of 



the gaussian and Thirring models, which are the massless limits of the sine-Gordon and 
massive Thirring field theories [^[^. To support this interpretation of the two types 
of fermionic excitations in ( 4.27|) (carrying opposite charge, which is "measured" by the 



"fugacity" variable z) as the fermion and anti-fermion of the Thirring model, consider the 
characters at the Thirring decoupling point r=l, i.e. (p, p') = (2,l), which corresponds to 
the XX point fi = n/2 of (|4.31| ). At this point we can rewrite 

^Q,Q'\^^q)-q 2^ 7-\ 



mi=0 ^^^"^1 -2=0 (^^"^2 

m.2 = f~i^\-\-Q^ (mod 2) 



((|]23)(|]23)eQwatzon4.35egwatzon4.354.35) 

and using the easily obtained identity 



,a{m+l)/2 Y °° „m(m-l)/2 

V = - V {(KmiKmequationA.mequationA.ZU.ZQ) 

^ iq)m 2 {q)- 



m=0 m=0 



we see that the four characters q ^/^^Gq'q, (1, q') {Q-,Q' = 0,1) are simple quadratic 
combinations of the Ising characters ( [4.14 )- ([4.16|) , namely 



,-/-GSy)(l,,) = [xtff + (xft'V , q-'/^'G^^fH.q) = 2xtt\tf 

q-'/''Gf^i\l,q) = q-''^^Gff{l,q) = {xff? ■ 

( (14:271) i WM) equation4.37equation4.374.37) 

For points other than (p, p') = (2,l) the two fermionic quasi-particles in ( [4.27|) do not 

decouple, which is our interpretation of the fact that when bringing Gq'q, {1, q) to the 

form (|4.11| ) the matrix B is not diagonal. Explicitly, 

/ ^ 1 - ^\ 

^=\t-'jl. JL^j- ( (|i:27D (^) equation4 .38equation4. 384. 38) 

\ 2p' 2p' / 



2p' 2p' 

(11:271) (^)equation4.39pagel717 



We note also that the appropriate hnear shift in ( ^4.11j ) is A 

in this case are 



'Q /p' tQ /p')i and hence 



the momentum restrictions i 



{m,-m,){l-^) + ^ + l 



n 
M 



mi (1 H 



(m2 - ^m^){l - ■^.) + ^ - 1 

( (14:271) ( ^:2^) e(?mtzon4.39e(?^atzon4.394.39) 

We now are finaUy in a position to summarize the status of fermionic representations 
of conformal field theory characters. All the needed notation has been introduced above 
and we may now proceed in a summary fashion. The results have been originally presented 
in [|55|-[^ [^-[|7l|. In particular we follow the presentation of |5^]. As specified in the 



original papers some of the involved g-series identities are proven and others are conjectures 
verified to high orders in q. 



algebra of rank r. 



where Gr is a simply-laced Lie 



Characters of these coset conformal field theories are of the form with n = r 

and B = 2C^^, namely twice the inverse Cartan matrix of Gr- Denoting S'^ (g) of 
by 5"^^ (g) in this subsection, the results in the various cases are as follows: 

Gr = An: This is the original case of Lepowsky and Prime [27]: the sums ( [4.11|) with 
B = 2C^l_^ are (|2]22D-(|2]25), which provide fermionic sum representations for all the 
characters of the corresponding Z^_|_i-parafermionic conformal field theory [^. We merely 
note here that the linear shift term A; • m of (|2.25| ) can be obtained from A=0 by replacing 
mi by m; + i in the quadratic form in ( [4.11j ). 

Gr = Dn (n > 3): The corresponding conformal field theories are the points r = 
on the c=l gaussian line. Hence, as discussed earlier in this section, the characters are 
Q~^^'^^fn,ji^i q) of ( ^.2(j| ), with J = 0, 1, . . . , n, for which a fermionic sum representation in 
terms of two quasi-particles was given in (1^3). Now ( pID with B = 2C^\ in the basis 
where 

n-2 

^aml + -iml_^ + ml) + 2 am^mp 

a=l 

n-2 

+ ama{mn-i + m 



mCn'm* 



+ 



n 



l<a</3<n-2 



-mn-imr 



a=l 



{(^^{^^^equation4A0equation4A04A0) 
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provides a representation for the same characters in terms of n quasi-particles (the degen- 
erate n=2 case coinciding with ( [4.27| ) with (p,p') = (2,l), namely ( [4.35[ )). In particular, 



i (!^^ i W^) equation4Alequation4A14Al) 



with Q = 0,1 indicating restriction of the summation in ( [4 .111) to rrin-i = Q (mod 2). 
Note that due to the coincidence = A3 the expressions ( ^.221 ) and ( [4 .411 ) are related 
when n = 3 by (cf. m^M) = ^1 + ^1 S},^ = 2S\^. 



Gr = Ee: The conformal field theory is the Virasoro minimal model [|2| 7V1(6,7) of central 
charge c = | with the D-series partition function. With a suitable labeling of roots 
we have 



C 



/4/3 


2/3 


1 


4/3 


5/3 




2/3 


4/3 


1 


5/3 


4/3 


2 


1 


1 


2 


2 


2 


3 


4/3 


5/3 


2 


10/3 


8/3 


4 


5/3 


4/3 


2 


8/3 


10/3 


4 


V 2 


2 


3 


4 


4 


6/ 



{(^^(^^^equationAA2equationAA2AA2) 



and we find (cf. (|2Jl ) 

^^e(5) - 5^/^MxSy^(5)+xiy^(?)] , ^4'(?) = ?^/^^x^y^(?) , 

( (|i:27D (^:2^)egmtion4.43egttation4.434.43) 
with the restrictions mi — m2 + m4 — ms = Q (mod 3). 

Gr = E7: The conformal field theory is A^(4, 5) of central charge c = Now 



/3/2 


1 


3/2 


2 


2 


5/2 




1 


2 


2 


2 


3 


3 


4 


3/2 


2 


7/2 


3 


4 


9/2 


6 


2 


2 


3 


4 


4 


5 


6 


2 


3 


4 


4 


6 


6 


8 


5/2 


3 


9/2 


5 


6 


15/2 


9 


V 3 


4 


6 


6 


8 


9 


12 y 



( {\i.27\) i ^^) equation4A4equation4A44A4) 



and we find 



s%M) = xtt\<i) , SIM) = xtt\<i) , 

( (|4.27|) ( ^4.27|) e(?mtzon4.45e(?^atzon4.454.45) 
when the restrictions are mi + m3 + me = Q (mod 2). 
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Gr = Eg: The coset in this case is equivalent to the Ising conformal field theory 4) 
of central charge c = ^. Here 
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4 


5 
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6 
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10 
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4 


6 


6 


8 


8 


10 


12 


3 


5 


6 


8 


9 


10 


12 


15 


4 


6 


8 


9 


12 


12 


15 


18 


4 


7 


8 


10 


12 


14 


16 


20 


5 


8 


10 


12 


15 


16 


20 


24 


\6 


10 


12 


15 


18 


20 


24 


30/ 



( (|07D (^:7?|)egmtzon4.46egttatzon4.464.46) 
and, without any restrictions in the sum ( |4.11J ), 

SE^{q) = q""/^^ Xi,i\q) ■ {(!^:27tj{ W^) equation4A7equation4A74A7) 

We further note that if mi in the quadratic form in (|4.11|) is replaced by mi — i, then 
one obtains (up to a power of q) Xi^^i^ + Xi^2^'*, and similarly replacing m2 by m2 — \ the 
combination Xii^ + Xi^2^'* + Xi,t^ is obtained. 

(1)1 



l^^equation4.48subsection4.24.2. The cosets of 



This case has been considered in [|7D[ and [|7T| where the identity characters in the 
corresponding generalized parafermion conformal field theory are given by (^l.llj ) (with 
suitable restrictions on the summation variables) by taking B — Cq^ ® C*^^, which is 
explicitly written in a double index notation as 

Bab = iCGr.)af3iC^l)ab «, /? = 1, . . . , r, a, 6, = 1 , . . . , n. 

{(g^{J^^)equation4A8equation4A84A8) 
When Gr = Ai, this reduces to the result (^]22]) of |27|. 



( U-^V equation4 ■ 4 9subsection4 .34-3. Unitary minimal models M.{p, p+1) 



For this and subsequent cases we must use the more general form of eq. ( [4.10| ). For 
M{p,p+1) 



B = -Cap_2 , ui = oo , ( i\i.27\) ( W^) equation4A9equation4A94A9) 

and the Q-restriction is taken to be ma = Qa (mod 2). Defining 



Qrs = {s-l)p+{er-i + er-3 + ■■■) + {ep+l-s + ep+s-s + ■■■) 

{(g^(g^)equation4.50equation4.504.50) 



(11:271) (^)equation4.51page2020 



where p = Y^^a=i ^a. and (e^);, = 5 ah for a = 1, ... ,p — 2 and otherwise, the conjecture 
for the Virasoro characters, whose bosonic sum representations are given in ( p.l4|) , is |]58[ 



X 



(p,p+i) 



(9) 



\{s-r){s-r-l) g 



B 



Qr,s 

e, 



■^p—s 



{Br + ep_s\q) 



{(g^{J^^)equation4.51equation4.5U.51) 



Due to (|2.21|) another representation must also exist, namely 



-i(s-r)(s-r-l) g 



B 



Qp— r,p+l — s 

es-1 



^p—r 



+ es-i\q) 



{(^^{J^^)equation4.52equation4:.524.52) 



(\i-2'l{) (\^.21[) equation4 ■ 53subsection4-44 ■ 4 ■ Cosets 



with Gr simply-laced. 



In this case B = Cq^ ® C'^fe+i^i, 



and the infinite entries of the vector u are uf for 



all Q! = 1, . . . , r, in the double index notation used in subsect. 4.2. 

As an example with both k and / greater than 1, consider the case G=Ai with 1=2, the 
resulting series of theories labeled by k being the unitary A^=l superconformal series whose 
characters are given in a bosonic form in |T^. We find that the character corresponding 
to the identity superfield in these models is obtained by summing over mi G Z, nia G 2Z 
for a = 2, . . . , /c + 1. 

Another example is the coset "^"^n^^^ of central charge c = which is 

(£;(i))3 ^ 22' 

identified as the minimal model 12) (with the partition function of the i?6-type). 

The corresponding sum ( |4.1C1| ), with A=0, U2=^ for all a = 1, . . . , 8, and all 16 summa- 
tions running over all non-negative integers, gives q^^'^^ixii'^'^^ + xi^r'^^''); which is the 
(extended) identity character of this model. 



( \4-2Ti ) ^4^2l[ ) equation4 ■ 53subsection4 .54-5. Non-unitary minimal models M.{j>,p + 2) {j> 
odd ). 



The character x[^:!+)/^2,(p+i)/2 
dimension ^^('p'l'^)^2,{p+i)/2 ^ 



see 



2.14| )) corresponding to the lowest conformal 



2^(p-l)/2 
)— 
~2 



in this model is given by ( [4.10|) with B 
(where is defined at the end of sect. 2), A=0, u\=oo and Wa=0 for a 



4p(p+2) 



2, . . . , ^"5^, and the ma are summed over all even non-negative integers. 
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(\4-2Ti ) ( ^4^2li) equation^ ■ 53subsection4 .64-6. Minimal models M.{j>, kp + 1). 



For k=l these models are the ones considered in sect. 4.3, while for p—2 they were 
discussed in sect. 2. Here we consider the general case. The character Xi''k^~^^^ corre- 
sponding to the lowest conformal dimension in the model is obtained from ( [4. 10] ) with B 
a {k + p — 3) X {k + p — 3) matrix whose nonzero elements are given by Bab = 2(C^~\)a6 
and Bka=Bak=a for a, 6 = 1, 2, . . . , /c - 1, and Bab = ^[{CAp_2)ab + {k - l)dakSbk] for 
a, 6 = /c, /c + 1, . . . , /c + p — 3. Summation is restricted to even non-negative integers 
for mfc, . . . , mfc_|_p_3, the other mi, . . . , rrik-i running over all non-negative integers, and 
Ua=oo for a = 1, . . . , /c and otherwise. 



The case p=3 is special in that the fermionic sums are of the form ( 4.11 ) for any k. 
A slight modification of the matrix B appropriate for A4(3, 3k + 1), namely just setting 
Bkk = f while leaving all other elements unchanged, gives the character x^^j^'^'^'^^ of 
M{3,3k + 2). 



( \i.27i ) ^'^2l[ ) equation^. ■ 53subsection4 .74-7. Unitary N =2 superconformal series. 



Expressions in a bosonic form for the characters of these models, of central charge 



c = where /c is a positive integer, can be found in [^. The identity character, given 



fc+2 

by Xo^^\q) + Xo^'^\q) ill the notation of [|73[, can be obtained from (|4.1U| ) if one takes 
B = \CDk+2^ Uk=oo (in the basis used in ( |4.40| )) and all other Ua set to zero, and 
m/c_|_i, mfc_|_2 running over all non- negative integers while all other nia summed only over 
the even non-negative integers. 



(\i-27{ ) ^'^2l[ ) equation4 ■ 53subsection4 .84-8. Zat parafermions. 



The characters of these models are the branching functions 6^ given by ( p.l9|) , or by 
the fermionic representation (|2.22|) . In sect. 4.3 we found another fermionic representation 



for the case A^=3 which coincides with the minimal model Ai{5,6) with the Z)-series 
partition function (The 6^ in this case are linear combinations of the Xr^,s^^ of 



( p.l4|) .) This latter form can be generalized to arbitrary A^. For instance, Bq is obtained 
from ( fl.lOl ) by setting B = ^Cd^, un=oo (in the basis used in (|4.40|) ) and all other Ua 
set to zero, and mAr-i, rriN running over all non-negative integers such that m^r-i + m^v 
is even, while all other nia are restricted to be even. 

(g^)equation5.1page2222 



(|4.27|) ( [4.27|) equation5.1section55. Discussion 

We have now completed presenting the known results and conjectures for the fermionic 
sum representations of conformal field theory characters. From these results a number of 
questions and speculations arise. 

First of all, it is clear that there are many cases where as yet we do not have any 
conjectures for the fermionic sums. The most obvious is the general Virasoro minimal 
model Ai{p,p'). Furthermore, for many of the cases of section 4 not all the characters as 
yet have conjectured forms. Not to mention the fact that proofs of the various conjectures 
remain to be given. 

It would be most useful, however, to turn the program around and to find the 
fermionic sum forms directly. For example, it would be highly desirable to determine 
mathematically which matrices B in ( [4.10|) lead to sums which form a representation of 
the modular group ( p.6| ). It should be possible to answer this without reference to ei- 
ther the bosonic sum or the product representation. A related question is concerned with 
the analysis of the leading q —>■ 1 behavior ( |3.14| ) of the characters, which can be ob- 
tained |]5^ []75| from their fermionic sum representations. This analysis gives 
c of (|3.14 ) as a sum of the Rogers dilogarithm function [76| evaluated at points determined 
by S, and the dilogarithm sum rules necessary to reproduce ( |3.16D are related |]7^ to deep 
questions in different areas of mathematics. 

We also want to call the readers attention to the fact repeatedly seen above that 
there may be several "different" fermionic representations for the same character. Such a 
statement is vague because the concept of "different" still remains to be defined. Neverthe- 
less, as a suggestive specific example we consider the Ising model characters ( |4.14| )-( ^7T6| ). 
These three characters were seen in sect. 4.1 to have a representation in terms of one quasi- 
particle if the algebra Ai is used, and a representation in terms of eight quasi-particles if 
Es is used. The representation in terms of one quasi-particle is essentially the conformal 
limit of Kaufman's representation of the general Ising model in zero magnetic field 
in terms of a single free fermion. Similarly, the representation in terms of eight fermionic 
quasi-particles is related to Zamolodchikov's ||7^] treatment of the Ising model at T = Tc in 
a non-zero magnetic field. It is thus most suggestive to think that the various "different" 
quasi-particle representations have more than just a mathematical significance and give in- 
sight into the various integrable massive extensions of conformal field theories. One further 
piece of insight is that the single fermionic quasi-particle of the zero-field Ising model has a 

(g^)equation5.1page2323 



direct interpretation in the nonlinear differential equations that determine the correlation 



functions giving rise to a form- factor expansion of the correlation functions. This 
work has been recently extended in the context of N=2 supersymmetric theories , and 
it would seem that further extensions are possible. 

We further mention the remarkable fact that the character formulas ( |2.14| ) and ( |2.iy| ) 
occur not only in the study of the spectra of massless systems but also arise in the com- 
putation of the order parameters in off-critical RSOS models by means of corner transfer 
matrix techniques |[79|| -||81j . 



However, some of these remarks can be considered as tehnical in nature and speak to 
the mathematical side of the synthesis, but not to the synthesis itself. Since our ultimate 
focus is on the synthesis and not on computation, we wish to conclude with a few remarks 
of a more general nature. 

A physicist, as opposed to a mathematician, has an almost inborn instinct to inter- 
pret results in some "physical" terms. Inevitably this process of interpretation involves 
the setting up of some catagories (in the non-mathematical sense), and even as early as 
Aristotle it was realized that the names given to these catagories are not mere labels but 
carry a great deal of philosophic content. This applies also to any attempt to "interpret" 
the physical "meaning" of the quasi-particle momentum exclusion rules and the fermionic 



sum representations presented in this paper. For example, Haldane [|8^ has attempted 
to interpret momentum exclusion rules similar in spirit to (|4.21j ) in terms of spinous |]83[] , 
"nonorthogonality of localized particle states" , and topological excitations. These words 
are not particularly precise and by their introduction focus attention on a particular aspect 
of the problem. But their introduction is necessitated by the indisputable fact that the 
excitations which obey exclusion rules discussed above cannot be described in the language 
of conventional second quantization. 

In the physical context of the fractional quantum Hall effect Haldane credits Laugh- 



lin [q4[ with the realization that second quantization fails to appropriately describe the 
observed phenomena. However, need to invent new concepts is much more widespread 
than this particular area of condensed matter physics. In particle physics it has been rec- 
ognized for at least 30 years that the conventional second-quantized quantum field theory 
which describes point-like particles has severe shortcomings. For example, the discovery of 
confinement in Quantum Chromo-Dynamics demonstrates the need to go beyond this con- 
cept. The original motivation for the construction of string theory was to understand the 
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strong interactions in what later became known as the confining phase of QCD (see for 
a recent discussion) . This need to go beyond second-quantized point field theory has been 
extensively investigated not only at the level of hadrons, but at the more fundamental level 
of unifying string interactions with quantized gravity. It is a most remarkable coincidence 
that the mathematics considered in this paper also occurs in these studies of string theory. 
Such a coincidence cannot be accidental and the fact that mathematicians, high-energy 
physicists, condensed matter physicists, and physicists studying statistical mechanics are 
all contemplating the same abstract object is a truly remarkable demonstration that the 
whole is much more than the sum of its parts. The synthesis will be achieved when language 
can be developed that incorporates all aspects of the phenomena at the same time. 
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